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In the paper, the limiting distribution is established for an integral square deviation of estimates of 

Bernoulli regression functions based on two group samples. Based on this a  new test is constructed 

for the hypothesis testing on the equality of two Bernoulli regression functions. The question of 

consistency of the constructed test is studied and for some close alternatives the asymptotic of the test 

power is investigated. © 2021 Bull. Georg. Natl. Acad. Sci. 
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Let random variables 
( )i

Y , i=1,2 have two values 1 and 0 with probability (“success”) ip  and (“failure”) 

1-pi, i=1,2
 
, respectively. Assume that the probability of “success” ip  is the function of an independent 

variable  0,1x , i.e. ( ) ( ) ) 1
i

i ip p x Y x= = =P  (see [1-3]). Assume that xj , 1, ,j n= , are the points 

of division of the interval  0,1  : 

2 1
, 1, ,

2
j

j
x j n

n

−
= =  . 

Let, further, 
( )k

ijY , 
( )

1,2, ,
k

ij m=  , , 1, 2k =  be mutually independent Bernoulli random 

variables with 
( )  ( )1
k

ij i k iY x p x= =P , 
( )  ( )0 1
k

ij i k iY x p x= = −P , 
( )

1, ,
k

ij m=  , 1,2, ,i n=  , 

1, 2k = . The problem is to test the hypothesis ( ) ( ) ( )0 1 2 0:H p x p x p x= = ,  0,1x  based on the group 

samplings 
( )k

ijY , 
( )

1,2, ,
k

ij m=  , 1,2, ,i n=  , 1, 2k = . Such problems arise, for instance, in quantum 

bioanalysis in pharmacology. There x  is the dose of medication and ( )0p x  – probability of effectivity on 

x  [4, 5]. 

It is required to test the hypothesis 0H , based on statistic 

1,2, ,i n= 
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 








. 

where ( )K x  is some function that satisfies the requirements formulated below, 0nb →  is a sequence of 

positive numbers and ( )ˆ
knp x  is kernel estimator of regression function (see [6, 7]). 

 

Assumptions and Notations 

Assume that the kernel ( ) 0K x   is chosen such that it is a function with finite variation and satisfies the 

conditions: ( ) ( )K x K x= − , ( ) 0K x =  for 0x   , ( ) 1K x dx = . The class of such functions is 

denoted by ( )H  . 

Let us introduce the following notations: 

( ) ( )
( )

( ) ( ) ( )

2

1 2

1
,

2

, 1,2,

n

n n n n

in in in

U nb p x p x dx

p x p x p x i
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 = − 

= − =



E
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, , , ,

n

ij n i j n
n n
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( ) ( ) ( )1 2, , , 1,2, 1, ,
n ki j ij

ij i i i ki i k i
n n

Q
Y p x k i n

nb B

 
    = = − = − = = , 

( ) ( ) ( ) ( )
1

1

1

, 2, , 0, 0,

r
n nn n

r ir r

i

r n r n   
−

=

= = = =  , 

( ) ( )1, ,
n

r r  = , 

where 
( )n

r  is the  -algebra generated by random variables 1, , r  , 
( ) ( )0 ,
n
=    (in the sequel, for 

the sake of simplicity, we will write r , ij  and r  instead of 
( )n
r , 

( )n

ij  and 
( )n

r ). 
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Auxiliary Results 

To proof the theorems formulated below, we are using the following three lemmas. 

 

Lemma 1. A stochastic sequence ( )
1

,k k k



 is a martingale difference. 

 

Lemma 2 ([8]). Let ( ) ( )K x H   and ( )p x , 0 1x  , be a function of bounded variation. If ,nnb →  

then 

( )
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uniformly with respect to  , 0,1x y , where  0i   , 1, 2,3i = . 

 

Lemma 3. Let ( ) ( )K x H   and ( )  1 0,1kp x C , 1, 2k = . If 
2
nnb → , then 

( ) ( )1 2 2 1 2 2
1 2 1 2 1 2, , ( , )n n n n nb N B p p b p p p p for n − − → → , 

where 
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In particular, if 
( ) ( )1 2

i i nm m N= = , 1, ,i n=  , then 

( )
( )

2 2
1 2 2

1 2

,
lim ,

n n

n
n

N B p p
p p

b


→
= , 

also, if ( ) ( ) ( )1 2 0p x p x p x= = , then 

( ) ( ) ( )( ) ( )
12 2

22 2 2
0 0 0 0

0 | | 2

lim 2 1n n

n
n x

N B
p p x p x dx K x dx

b



→



= = −  . 

 

Asymptotic Normality of Statistic nU  

The following assertion holds true. 
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Theorem 1. Let ( ) ( )K x H x  and ( )  1 0,1kp x C , 1, 2k = . If 

4

2
0n

n

N

nb
→  and 

4 0n nN b →  as n→ , 

then 

( ) ( )1 20,1 , ,
dn n

n n
n

U U
N B B p p

B

−
⎯⎯→ =

E
, 

where 
d

⎯⎯→  denotes convergence in distribution, and ( )0,1N  is a random variable having a standard 

normal distribution ( )x . 

 

Corollary 1. Let ( ) ( )K x H  , ( )  1 0,1kp x C , 1, 2k = . Further, let, 
( ) ( )1 2

i i nm m N= = , 1, ,i n=  . If 

4

2
0n

n

N

nb
→  and 

4 0n nN b →  as n→ , then 

( )
( )

1

2

1 2

0,1
,

dn n n n
n

N U N U
b N

p p

−  −
⎯⎯→ 

 
 

E
. 

 

Theorem 2. Let ( ) ( )K x H x  and ( )  1 0,1kp x C , 1, 2k = . Further let 
( ) ( )1 2

i i nm m N= = , 1, ,i n=  . 

If 
4

2
0n

n

N
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→  and 
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where 

( ) ( ) ( )
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2
1 2

0 | |

1
,

2
t

p p d x dx K t dt



 =   . 

 

Corollary 2. Let all conditions of Theorem 3.2 be fulfilled. Let the hypothesis 

( ) ( ) ( )0 1 2 0: = =H p x p x p x   be true. Then for n→  

( )
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ˆ
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n d
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T p
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Corollary 3. Let ( )K x  and ( )ip x  satisfy conditions of Theorem 2. Further, let 
( ) ( )1 2

0i im m N= = , 

1,2, ,i n=  , 01 N   , and the hypothesis be true 

( ) ( ) ( )0 1 2 0:H p x p x p x= = . 

If 
2

nnb → , then for →n  

( )( ) ( ) ( )1/2 1
0 0 0

ˆ0,1 ,
d

n n nb T p p N T N T− −− ⎯⎯→ = . 

Application of the Statistic ˆ
nT  for Hypothesis Testing 

As an important application of the Corollary 2 let us construct the testing of simple hypothesis 0H , 

according to which ( ) ( ) ( )1 2 0p x p x p x=  , where the function ( )0p x  is fully defined. The critical region 

is established by the inequality 

                                        ( ) ( ) ( )1/2
0 0

ˆ
n n nT d p b p    =  + ,                                         (1) 

where ( ) 1  = − , ( )  – standard normal distribution. 

Let now ( )0p x  be not defined by hypothesis (i.e. testing complicated hypothesis). Then directly using 

(1) is impossible. Previously unknown parameters ( )0p  and ( )2
0p  should be replaced by their 

consistent estimates ̂  and 2̂ , respectively. As an estimate of ( )0p  and ( )2
0p  we consider the 

following statistics 

( )
( )

( )2

| |

ˆ

n

n n

x

x dx K x dx

 



 

 =   , 

( ) ( )2 2 2
0

( ) | | 2

ˆ 2

n

n n

x

x dx K x dx

 

 

 

=    

( ) ( ) ( )( ) ( ) ( ) ( )( )1 1 2 2

1

2
n n n n n n nx p p x p x p x p x p x  = − + −

 
 

and we will show that 

                                         ( )( ) ( )1/2 2 2
0 0

ˆ ˆ0,n n nb p p −  − ⎯⎯→ ⎯⎯→
P P

                                   (2) 

 

Theorem 3. Let ( ) ( )K x H   and ( ) ( ) ( )  1
1 2 0 0,1p x p x p x C= =  . Let 

( ) ( )1 2

i i nm m N= = , 

1, , .i n=   If 
4

2
0n

n

N

nb
→  and 

4 0n nN b →  as n→ , then 

( )1/2
ˆ ˆ

0,1
ˆ

dn n
n

n

T
b N



−
 − 

⎯⎯→ 
 
 

. 

Theorem 3 enables us to construct the asymptotic test for testing the complicated hypothesis 

( ) ( )0 1 2:H p x p x= ,  0,1x . The critical domain is established by the inequality 

                                     ( ) ( )1 2ˆ ˆ ˆ , 1n n n n nT d a b      =  +  = − .                                       (3) 
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Now, let us consider the question whether the test based on (3) is consistent. The following assertion is 

true. 
 

Theorem 4. Let ( ) ( )K x H  , ( ) ( )  1
1 2, 0,1p x p x C . If 

4

2

n

n

N

nb
→  and 

4 0n nN b →  as n→ , then 

( ) ( )( )
11 2

ˆ, 1 n H n np p T d =  ⎯⎯→P . 

An alternative hypothesis 1H  here is any pair ( ) ( )( )1 2,p x p x , ( )0 1ip x  , ( )  1 0,1ip x C , 1, 2,i =

such that ( ) ( )1 2p x p x ,  0,1x . 

Thus, for any fixed alternative the power of the test for  testing the hypothesis based on nT  tends to 1 . 

However, if with the change of n  the alternative changes and approaches the basic hypothesis 0H , then 

the test power will not necessarily converge to 1 . As an example let us consider the sequence of Pitman 

type alternatives close to the hypothesis 0H : 

( ) ( ) ( ) ( ) ( ) ( )1 1 0 02: , , 0
n

n n nH p x p x p x p x x  = = + → . 

 

Theorem 5. ( ) ( )K x H  , ( )0p x  and ( )  1 0,1x C  . If nb n −= , nN n= , 

1

2 4
n n

 



+
− +

=  

( )4 , 4 2 1, 1 2      +  +  , then statistic ( )1/2 1ˆ ˆ ˆ
n n n nb T − −−   for the alternative 1nH  has a 

normal limiting distribution with the parameters 

( )
( )

1

2

0 0

1
,1u du

p




 
 
 
 

 , 

i.e. the limits power of the test (3) is equal to 

( )
( )

1

2

0 0

1
1 u du

p
 



 
 − −
 
 

 . 

 

Remark 1. Analog of the Theorems 1 and 2 are true for the statistic nT . 

 

Remark 2. It should be emphasized that the behavior of the estimate ( )ˆ
knp x , 1, 2k = , near the boundary 

of the interval  0,1  is worse than within interval [ ,1 ]n nb b −  (see [9]). That is why to avoid difficulties 

associated with this boundary effect, we consider the integral mean-square deviation on ( )n  . 

 

Remark 3. Let ix  be the partition points of the interval  0,1 , chosen so that ( )
2 1

2
j

j
H x

n

−
= , 1, ,j n=  , 

where ( ) ( )
0

x

H x h u du=  , ( )h u  is some continuous distribution density on  0,1 . In that case, the 

generalization of the results of the paper can be obtained by arguments analogous to those used above.  
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