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It is well known that that for the unbounded operators, corresponding to the quantum observables,
it is necessary to specify the class of functions (called domain), on which they are defined. Less
attention is allocated to this fact in teaching books. Especially it deals with self-adjoint operators,
spectral properties of which are essential for describing the physical systems. It should be noted that
before the attention mainly was dedicated to one-dimensional problems in the limited areas, where
the boundary conditions came into play. In the paper we take an attention to the fact, that in case of
spherical symmetry in the Schrodinger equation after a separation of variables the dynamics is
described by the radial equations, which are one dimensional, but the radial variable is restricted
from one side from the beginning. Therefore, their solutions, the radial functions, have to satisfy to
certain boundary conditions at the origin of coordinates. Furthermore, operators’ singularity to be
also taken into account. © 2022 Bull. Georg. Natl. Acad. Sci.
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Proper quantization of physical systems requires correct definition of physical variables (such as the
Hamiltonian, momentum, etc.,) as self-adjoint operators in an appropriate Hilbert space and their spectral
analysis [1]. Observables are usually presented as hermitian operators (matrices). They have important
properties like real eigenvalues, the corresponding eigenvectors are orthogonal and span the whole finite
dimensional Hilbert space, etc. However, all this properties are not ensured by the hermiticity condition in
general infinite-dimensional Hilbert space. Hermiticity condition is often just replaced with the
symmetricity condition, which only ensures for the expectation values of observables to be real [2], while
the rest of the properties can only be grasped with imposing the more subtle condition called self-
adjointness.

A crucial subtlety is that an unbounded self-adjoint operator cannot be defined in the whole Hilbert
space, i.e. on an arbitrary quantum mechanical state [3].

In the textbooks on quantum mechanics most formulations concern mainly one-dimensional problems,
in these cases, and as a rule, wave functions decrease at both infinity (Hilbert space). Mostly the problems
in full infinite space are considered. However, as is well known, when system is localized in finite volume,
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the inclusion of boundary conditions becomes necessary as well as they impose the restrictions on the
allowed classes of wave functions [4].

This problem often arises in many-dimensional ( N > 3) cases, when the polar (spherical) coordinates
are necessarily introduced, because the radial functions are defined in semi-line. In such cases problems
with restricted area emerge automatically.

In case of spherical symmetry in the Schrodinger equation variables are separated in spherical
coordinates and all dynamics is concentrated into the radial equation, which contains only a radial distance
r. The problem is reduced to one-dimensional case, but on the half-line. It means that we have to deal with
restricted area. Therefore, the boundary conditions at the origin come into play. Moreover, there appear two
one-dimensional equations, one — for total radial function, R(r), and the second - for the reduced wave

function, u (r) = rR(r) . They obey to different boundary conditions, therefore one and the same operator

may have different hermiticity properties.
Below this question is discussed and corresponding statements are derived. Let us begin with known
definitions: The operator A is Hermitian (symmetric), if it obeys to the following condition

<Al//‘</)) =(v| A¢7> (1)
where w and ¢ are squared integrable functions, decaying at infinity. Bearing in mind that operators can

contain a differentiation, we expect that a possible extra contribution can appear after the partial integration.
Consider specific examples:
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We obtain
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5 r or 5 0 or
Here, in the first row we made use of the well-known boundary and normalization conditions [5]
- _ _ % * 2 _
er_u(o)_o,lR Rrédr =1 (4)

We see, that the Hermiticity condition (1) in equation (3) is not satisfied and the operator (2) is not
Hermitian in the domain of R(r) functions, i.e., functions from the Hilbert space, obeying to the additional

conditions (4). On the other hand, for the reduced radial functions u(r) this operator becomes Hermitian.

Indeed:
b oo ]

:(—ih){—Iu*(%drj}:thu*g—l:dr:(u|Au>. ®)
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Therefore, the considered operator is Hermitian in the domain of reduced functions, u(r). It is not

surprising, because there is no operator without its domain of definition: operators are defined not only by
their action (i.e. what they do to the functions on which they operate), but also by their domain [3] (that is,
the set of functions on which they operate).

2. Consider now the radial momentum operator [4]

b, - —ih[géj ©)

Let us verify that (p.w|¢) =(v| b,¢) . We have

©

T OR" .
(p.R|R) = .![ j Zdr_lh{J(W]erdr+£FR Rr?dr =}

0

o ]

(o R _c [0 1\ ], A
:m{—lR [rR+Er jdr}:—lh_!R {(EJr?jR}r dr =(R|,R). (7)

Therefore,the operator (6) is Hermitian on the class of radial functions R , satisfying to (4).
Note, that on the domain of reduced radial functions u (r) this operator is not Hermitian. Indeed:

. T I A T Ty 1,
(D,U|U)—|h.[[§+F)u udr ﬂh{j( p ]udr+£;u udr}—
{ _[u( ]dr+J uudr} ih{—Tu*a—udeEu*udr}
o or of
=—in Iu —dr- .[ u*udr ——|hTu*(i—1judr¢(u|ﬁu>. (8)
o \or r '

Therefore P, is not Hermitian on the space of u (r) functions. The same is proven in [5]

Moreover, this operator is not an observable, i.e. its eigenvalues are not real. Indeed, for any constant
number @ , the solution of differential equation

b f(r)=wf(r) 9)
up to constant number is exp(iwr/h)/ r. This solution does not obey to the boundary condition (4), the

eigenvalue problem satisfying to (4) does not exist. This operator is hermitian (symmetric) on the functions
from (4), but its extension up to self-adjoint is impossible (See L.Faddeev’s comment from the book of A.
Messhia [4]).

In many applications of the Heisenberg-Robertson uncertainty relation various commutators appear on
the right-hand side of operators’ uncertainties product. In spherical symmetry problem the following
commutator is of particular interest

[rz,pz}sé:—4h2(r%+gj. (10)
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It is an easy exercise to show, that the operator in the right side is Hermitian on the functions, obeying
condition (4), i.e.

(CR|R) =(R|CR). (11)

In fact, explicit calculation goes as follows

<CR‘ =I CR)* erdr=4ihzz{(r§+gj R*}erdr:
(3 = R 3 . 2 9(Rr
:4'h2{5 ! = = Rr dr}_4|h2{2+[R Rr3]o—.!R (a )dr}:

= 4in? {g—jR (Sr R+ R jdr}——mhz{g jR %rsdr} (12)
0

On the other hand, the right-side is

o 3 2 2 OR r3
(R|CR> —4in jR (r—r+2]Rr dr = —4in {—+IR dr} (13)

which exactly coincides to previous result. In addition, we made use of normalization condition

(R| R) = J' R*Rr?dr =1. Therefore, condition (9) is fulfilled and the operator (8) is Hermitian on domain of
0

R(r) functions.

On the other hand, this equality is violated on the domain of u (r) functions.

Consider now the operator p?, which stands in the left-hand side of Eq.(8) and check its hermiticity
property
<p R| (R|p*R). (14)

Using the Schrodinger equation, we substitute

R?1(1+1) d?2 2d #I(1+1)
2 :2 H_V = 2 _— :hZ - R 15
P m( ) [pr+ r? ] { dr? rerr r? (15)
therefore

1 17 . T .

ﬂ<p2R|R>=ﬂ£(p2R) erdrzl'[(H—V)R] Rrdr. (16)

Consider the first term under the integral and use the relation from our work [6]

©

j HR]" ARr dr__[R HARr2dr +11, (17)

o

where

2 N * N
=i jimdr? AR@—R*E(AR) . (18)
2m r-0 or or
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If we take here A= 1, the additional term disappears and Eq. (16) gives (because V (r) is simply a

multiplication operator)
_oooc ~ . 5 B 1 5
<p R|R —M[(H V)R] Rr dr——zm(R|p R). (19)

Hence, we conclude that p?is a Hermitian operator on functions R(r).

On the other hand, on reduced functions u (r) this operator behaves as
im-[( pzu)* udr = J[(H ~V)u] udr = J'[Hu]* Audr +11, (20)
0 0 0

where

2 N * N
=i jimd| Ay —u*ﬁ(Au) . (1)
2m -0 or or

Taken here A= 1, as before, the additional term disappears, and we find
<p2u|u):T[(H —V)u]* udr:(u|p2u>. (22)
0

Therefore, even in space of u (r) with the boundary condition (4) the operator p? is Hermitian.
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R0DB03MOO M3gMEMMHdoL 39MHAoGMeErmds LEgheyem
3mM0bsEgddo
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82009000 P30, 03569 x033560830¢70L Lsb. m8ocrobol bsbgerdfoger #160396boBIAH0, Fsmsero
969(580900L 000U 0bbBHOAXIH0, 080erobo, bogstorz9¢me

"03569 x0535b60830000lL bsb. 08ocrolbol bsbgerdfoge «1bo39(boBad0, Yolbd s bsdbodobigdyzgarm
3966096985005 3539¢PAIH0, 30D00b ©IFSOHSAIOGH0; Fs5¢r0 9696809806 30Y0O0L OBUBHOBHXIHO;
080¢robo, bsgstoz9em

3bmdoos, MM gdmmlisbmzMgmo Mm3xMs@GHmMgdolimgol, MmamMmoEss 33sbGwmmo dgdsbozols
30D03M0 M39MGHMMYO0, SMEOYdJE0s domomngdmer 0gdbgl Bbsosms Jerslio, GmIgEbys
olobo 50056 396d5MGHIdIMEo. Lsbgeddmzsbgemgddo 9 Bod@L 653egdo gmMomyds gl dod-
BIM0. 56Ls3MMMIdOM, gl gbgds 030089vIWEgdE M3gMoEHMMIdL, HBgEms L3gIGHMoE)-
60 ®30L999%0 3MIYdM0s BOBOIMMO LOLGITOL s0FgMHolsmzolL. ¥YB6Es 50bodEML, A ¥3565L-
3Bgao 3gmomeols 6s8MMmIgR8o dmsgsmo gMMmomgds 9d3g3e 9MmBbmBowrgdosh s3m3sbgdl
9B 36099080, GMOIEgdOLmgoLyE LBsgomm bgds Lsbsbmzhm 306HMmdgdol Jomomgds
3bJ3050s  5ggd0L ISR IBsE. §0bs9EIdsMg BsdMMITo YrMeEMgdsl 33d3g300 03 oMg-
9m905L, GMI LEgerymo LodgEMool MML 8MHyEobagMol BEHMEMYdSd0 (33e9Ms 3BEIMgdOL
09090099 8000905 ©0B53030L SVTFIHO OO MMO FobEMEgds, GMIgog SMOL gMmysEbmdo-
980560, MEMBE MH3EOIHO 330 0530005639 39S (35¢dbGM0gs. sd0¢Md dob-
05 59tBsbLBA> — MO MMHB> BMBJ3059 — Mbs TgolitryEmls g50339v9e0 LOloBIIGM 30MHMBS
Lsm53980. 53539 OML 9BMM39d0 gbgds 0300 M3gMoEMMmIdOL LobyEsMvyE 0Z30LgdYALSS.
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