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In the present paper, the issues of the approximate solution of singular integral equation and pair
systems of integral equations containing fixed-singularity are studied. The studied integral equations
are obtained from the anti-plane problems of the elasticity theory for a composite (piece-wise
homogeneous) orthotropic (in particular, isotropic) plane slackened by crack when it reaches or
intersects the dividing boundary at the right angle. Algorithms of an approximate solution are
designed by the collocation method, namely the method of discrete singularities. In both cases, (when
the crack reaches or crosses the dividing border) behaviour of the solutions is studied and the stress
intensity coefficients at the ends of the crack are calculated. Results of numerical computations are
demonstrated. According to the obtained results, hypothetical predictions of the propagation of crack
are made. © 2022 Bull. Georg. Natl. Acad. Sci.

Singular integral equations, crack, anti-plane problem, method integral equation, collocation method,
method of discrete singularities, numerical realization

In the paper, issues of approximate solution to one practical problem of the theory of elasticity are studied.
We consider anti-plane problems for isotropic composite (piece-wise homogeneous) plane slackened by
crack when it reaches or crosses the dividing boundary at the right angle. The first problem, when the crack
reaches the dividing edge, is reduced to the singular integral equation containing a fixed-singularity for the
unknown characteristic function of the crack tip opening displacement. The second problem, when the
crack intersects the dividing edge, is reduced to pair of singular integral equations with a fixed-singularity
concerning the unknown characteristic functions of the crack tip opening displacement. Issues of the
behaviour of the solution are theoretically studied for both cases, at the endpoints of the crack and the
dividing edge of materials [1,2]. The behaviour of the solutions closeness of the endpoints of the crack is
studied by the method of discrete singularities with equal division of both intervals. Corresponding
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algorithms are designed and implemented. In both cases (when the crack reaches or crosses the dividing
edge) the stress intensity coefficients are computed. The numerical results are presented and hypothetical
predictions of crack propagation are made.

Statement of the Problem

Let elastic © body occupy complex variable plane z = x +iy which iscutonthe line L =[-1,1]. The plane con-
sists of two orthotropic (in particular, isotropic) homogeneous half-planes Q, = {z | Re(z) 20,xel, = [0,1]}
and Q, = {Z|Re(z) <0xel,=[-1, 0]} which are welded on the axis y. The following boundary value

problem is considered:

azwgif’y)mfazwgg’y):o, (x,y)eQq,, k=12 1)
On the boundary of the tangential stresses of crack it is given:
py 2% 20) g’ 0 g (1), xe, ¥
on the axis Y the conditions of continuity are fulfilled:
W, (0,y)=w,(0,y), ye(—w,+0), y=0, @)
py 2400Y)_ o (03) @
OX oX

(k)
where A7 = % bt) and bl¥ are elastic constants, g, (x) e H (here H denotes Hélder’s class functions),
55

k =1,2. Using the theory of analytical functions with boundary conditions (2)-(4), the problem (1) is

reduced to the system of singular integral equations with respect to the unknown characteristic functions of
crack tip opening displacement (the tangential stress jumps) p, (x) [1,2]

I(ﬁ—%]pl (t)dt+b1j-l%(tx)dt =271, (x), xe[0,1],

®)

b 1”1(t)dt+f(i— % )pz(t)dt:Zﬂfz(x), xe[-10],

2
o =X SAU=Xx t4X

where p, (x), f,(x) are unknown and given real functions, respectively. a, and b, are constants with

1-7, 2 1 b A
a = , b, = s =, 1, =—, f (X)="0,(x),
T T b (x) bl (x)

f(X)eH, p(x)eH" (cf.[3]), k=12

The study of behavior of solutions near the ends of the crack edge has special importance. The solutions
of the system of the integral equations (5) should be represented in the following way:

_ Zl(t) _ ;(2('{)
al=g -t Dies (1+)” ©
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where a, and b, are unknown constants, besides y, (t) is Holder’s class function, k =1,2. At the points
1 . . . . .
of t==1, we have S, =/, :E . In the above-mentioned case, there is no singularity at the point of t =0

[1,2].
When one half-plane has a finite length of the linear crack, which is perpendicular to the boundary, and
one end of which is located on the boundary, one singular integral equation containing a fixed-singularity

is obtained in this particular case [1,2].
If p,(x)=0, p,(x)=0,then from the system (5), we obtain one integral equation:

1
1 4

2 t)dt=2xf (x), xe|0,1|. 7
(s awe-2et (0. xefog ®
Insuch a case, we get an order of singularity at the point of t =0 which is dependent on elastic constants

_ _ 1 o _p@
of materials and belongs to the interval (0,1): o, :1—;arccos(ﬁ €(01), A :%, If b = b,

55 55

then o =% [1,2].

As at both sides of the body, we have a solution that limits are infinities at the neighbourhood of the
crack, so for the existence of a unique solution of the integral equation (7), it is necessary to add the
following condition

[p(Ddt=c, (8)

where C =const [3,4].

Remark. The result obtained for the system of integral equations (5) by initial theoretical investigations
(due to the anti-plane nature of the problem) that we have no singularity at the point of t =0 is wrong. As
the numerical experiments demonstrate, we have a weak singularity at the point of t = 0. In this paper, the
results of numerical computations are illustrated for one particular problem. In the case of the integral
equation (7), the numerical computations are also matched to the theoretical results.

Algorithm for Approximate Solution of Singular Integral Equation

Let us consider the singular integral equation (7) containing a fixed-singularity which is solved by a
collocation method, in particular, a method of discrete singularities (cf. [4]). For the intervals t e[0,1]

and x €[0,1], the following uniform meshes are introduced, namely, we have the following grid points:
t;=ih,i=12,...,n;x;=t; +2, j=12,...,n; h =il. Using quadrature formulae [4], the equations
n+

(7) and (8) are reduced to the following one:

L 1 & _ . _
h;[ = tliJr)(ljJpl(tli)_Zzzfl(xlj), i=12,...,n-1,

hiZ:,pl (t;)=C.

It should be noted that we get the system (9) of n linear equations with n unknowns.

(©)
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Numerical Realization of a Singular Integral Equation

In the already—mentioned problems our main goals are an investigation of a possible propagation of
cracks along a body, a study behaviour of solution (the character function of stress) and finding the

values of stress intensity factors (SIF) in the closeness of the endpoints of the crack. For this
purpose, we have calculated values of the stress intensity factors SIF, = lim x* p, (X)~ X} p; (%),
x—>0"

SIF, = limv1-xp, (X) = \1- X, o, (X, ) . Approximate values at the ends of the crack by using the
x—1"
algorithm with uniform division of the closed interval [0,1] for which the number of interval divisions is

doubled on each step. The approximate values of coefficients of the stress intensity factor in the closeness
of the endpoints of the crack are computed. Consider a body composed of two isotropic materials (copper
and aluminium, [5]) for the following cases:

Problem 1. Aluminium (b{) =b{?) ~ 25.00 GPa, [6]) — Copper (b = b ~ 46.00 GPa, [6]). In this case
1 21 . . .

copper has a crack. ¢, :l——arccos(ﬁj ~ 0.5956 . For the numerical computations of the functions
VA

0, (x) the following two cases are considered:
1. q,(x)=0.01 GPa, C=0, 2. q,(x)=0.02 GPa, C=0.

The numerical results for these cases are given in Table 1 and Table 2, respectively.

Table 1. The numerical values of SIF with q=0.01 GPa, C=0

n 3 7 15 31 63 127
SIF, 521x107°  -597x10° -6.29x10° -6.43x10° -6.46x10° -6.53x107°
SIF, 3.38x10°° 3.92x10°° 4.25x10™ 4.38x10° 4.49x107° 4.55%x107°

Table 2. The numerical values of SIF with q=0.02 GPa, C=0

n 3 7 15 31 63 127
SIF -1.04x10"  -1.19x10*  -1.26x10"  -1.29x10"  -1.29x10*  -1.31x10™*
SIF, 6.76x107° 7.84x107° 8.50x107° 8.76x107° 8.98x107° 9.10x10™

Problem 2. Copper (b{? =b{?) ~46.00 GPa, [6]) — Aluminium (b{) =b{ ~25.00 GPa, [6]). Here

aluminium has a crack. ¢, = iarccos(%j ~0.4044 . Consider the same cases for g, (x) and C which are
T

considered in Problem 1.

Table 3. The numerical values of SIF with q=0.01 GPa, C=0

n 3 7 15 31 63 127
SIF, -1.10x10™* -1.31x10* -1.44x10* -1.51x10"* -1.55x10* —1.58x10™*
SIF, 5.70x107° 6.60x10°° 7.10x10°° 7.30x10°° 7.44%107° 7.50x10°°
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Table 4. The numerical values of SIF with q=0.02 GPa, C=0

n 3 7 15 31 63 127
SIF, -2.19x10*  -2.62x10* -2.88x10* -3.02x10* -3.11x10* -3.16x10"
SIF, 1.14x107 1.32x107* 1.42x107* 1.46x107* 1.49x107* 1.50x107*

Remark: In the considered problems when the absolute value of the physical content C is very small
(C=0) then the numerical results are correspondence with a mechanical view. As we consider linear

problems of the elasticity theory so increment or reduction of loads causes proportional increment or
reduction of values of corresponding solutions. The last fact gives us the possibility to make hypothetical
predictions about the propagations of a crack.

Algorithm on Approximate Solution of a System of the Singular Integral Equations

Let us consider the system of the singular integral equations (5) containing a fixed-singularity which is

solved by a method of discrete singularities (cf. [4]). To do so, a uniform division of the closed interval
[-1,1] is applied. We look for solutions to the system (5) with the forms (6) [2,7]. Knots for the variables

tand x are introduced as: t; =ih, t, =-1+ih, i=12,...,n; X; =t —g, X, =1, +g, i=12,...,n;

h :Ll. The system (5) is represented by using quadrature formulae as follows (cf. [4]) for which
n+

j=12,...,n
n 1 a:l n 1
hz - pl(tli)+hblz Pz(tzi)=2”f1(x11)’
i=1 i_xlj t1i+X1j i=1 t2i_X1j
(10)
hbzi 1 pl(tl.)+hzn: 1 & Py (ty) =271, (x,;)
i b — Xy I G =X b +Xy, I :
Consider the following cases:
1. 4=0,=0, B =5 :% (it should be mentioned that a singularity is not at the point of t =0).
2. a#0, a,#0, B =5, :% (we have a singularity at the point of t =0).
Introduce the following two equations:
hY () =6, (11)
i=1
hY p,(ty)=c,, (12)
i=1

here ¢, and c, are constants (in our case, we assume that ¢, =c, =0).

It should be mentioned that, in the second case, when we have a singularity at the point of t =0, we
replace the first and last equations in the system (10) at the knots x, and x,, with the equations (11) and

(12), respectively. It is straightforward to deduce that the system involves 2n equations with 2n variables.
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Numerical Realization of the System of Singular Integral Equations

The algorithm is approved by tests and the results of numerical computations are represented in tables. The main

objectives are the same as the previous section. We have calculated approximate values of the coefficients

of stress intensity factors SIF, = lim v1+xp,(X) =1+ X, 0,(X,), SIF, = limv1-xp,(X) = \1- X, 2 (%, )
x—>-1" x—1"

at the ends of the crack by using the uniform division of the closed interval [-1,1] for which the number

of interval divisions is doubled on each step. The approximate values of coefficients of the stress intensity
factors in the neighbourhood of the ends of a crack are computed. Consider a body composed of two
isotropic materials copper €, and aluminium Q, with elastic constants b’ =b{®) ~25.00 GPa and

. . . 1
bl =h) ~ 46.00 GPa [6], respectively. We first consider the case when a, =@, =0 and 3, = 5, =5
Numerical computations for the functions ¢, (x) and g, (x) are carried out. We study the following three

cases:

1. q,(x)=0,(x)=0.01 GPa,
2. q,(x)=0.01 GPa, q,(x)=0.02 GPa,
3. q,(x)=0.02 GPa, qg,(x)=0.01 GPa.

The original system of singular integral equations (10) is solved by a method of discrete singularities in
the interval [—1,1] . The results of the numerical computations of the stress intensity factors (SIF, and SIF,)

are given.

Table 5. The numerical values of SIF for two materials

Case n q(x) Material
15 31 63

SIF, -3.1560x10™* -3.4338x10™* -3.6936x10™" 0.01 Aluminium

! SIF, 3.0670x10°° 1.8630x10°° 5.8900x10°° 0.01 Copper
SIF, ~7.9752x10*  -8.8447x10"  -9.6753x10™ 0.02 Aluminium

2 SIF, -1.3563x10™ -1.7907x10™* —2.2287x10™ 0.01 Copper
SIF, ~1.4929x10*  -1.4567x10"  -1.4060x10™* 0.01 Aluminium

3 TUSIF, 22765x10°  23498x10°  24056x10° 002 Copper

Remark: Due to the anti-plane nature of the problem we assume that we do not have a singularity at the
point of t =0. Numerical results using the method of discrete singularities have given improper results
(see Table 5). Because of this reason we have introduced some assumptions. If we have a singularity at the
point of t =0, we solve the system (10) taking the equations (11) and (12) into account.

- . . . 1
In the second case, it is considered the following assumptions o, #0, a, #0 and g, = f, =3

Table 6. The numerical values of SIF with g, =g, =0.01

n 3 7 15 31 63 127
SIF, -1.04x10™ -1.23x10™* -1.35x10™* -1.42x10™* -1.47x10" -1.50x107*
SIF, 6.18x10° 7.52x10°° 8.39x10°° 8.97x10°° 9.38x10° 9.68x10°°
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Table 7. The numerical values of SIF with g, =, =0.02

n 3 7 15 31 63 127
SIF, -2.07x10* -2.46x10"* -2.69x10* -2.84x10* -2.93x10* -3.00x107*
SIF, 1.24x10™ 1.50x10™* 1.68x10™ 1.80x10™* 1.88x10™ 1.94x10™

In the considered assumptions, we obtain relevant results which means that in the neighbourhood of
endpoints of a crack the absolute values of stress intensity factors must be increased. Indeed, Tables 6 and
7 demonstrate this reality.

Conclusion

Equations of the anti-plane elasticity theory for composite bodies slackened by crack should be used as an
initial approximation of the mathematical model. More interesting cases when a crack intersects an interface
or intersects the boundary at a rectangular angle are investigated. As the system of the integral equations,
as well as an integral equation, are solved by a method of discrete singularities. An algorithm for finding
approximate solutions for the boundary value problems for the singular integral equations containing a
fixed-singularity is worked out. The system of linear algebraic equations is solved using computer software.
For investigation of the rate of cracks propagation, we have calculated the stress intensity factors for
different materials. If the absolute values of the stress intensity factors are the neighbourhood of 1 they are
critical limits of the spreading of cracks. If the absolute values of the stress intensity factors are essentially
less than 1, then cracks are not almost developed [8]. According to the numerical experiments of considered
linear problems of elasticity theory, a hypothetical prediction should be made on the propagation of a crack.
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§0658009056g 65dGMFdo Fglifiogeromos LLobymMes®vyemo 0bEgRMEMo 2obEMEgdols dosbanem-
90000 53mbsblbol bszombgdo s MIMsgzo LobarEsm@dOL 89933910 0bEIRMEMG 356G M-
3503 LoLBgdgdo. Jgufsgurowo 0bEIaMNmo 3s6GHM®WYdYd0 FoMgdvEos MISEMBOL Cgm-
ool 56@0dOGHYJo 59m35698000 3m3MmboGMmo (b5formdMmogzsw JHMR35MHMZs60) mEoMm-
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396L0gMdOL BJEBHMMYDO dBIGOL dergrmgdBY. FoHIMEgboos GoEbgzomo gsdmmgmgdol 890g-

39%0. 3009dMEo 83900l dobgE300 §539MgBME0s BdBIMGOL §93M(3ILgdoL 303MmmYGHYIMO
36mabmbgdo.
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