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For NP-hard problems, an important direction is the construction and use of facet (facet — face of
maximum dimension) inequalities in solving the problem. Note that in this case, with the correct use
of all faces, one can obtain a polynomial algorithm for solving the problem. The article presents an
overview of the constructed main classes of facets of the polytope of an NP-hard linear ordering
problem. The rest of the facet classes are obtained from the main facets classes using mappings.
© 2022 Bull. Georg. Natl. Acad. Sci.
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Let G =(N,, E)be a complete orientation graph, where to each edge (i, j) € E corresponds a weight c;; .

Then, in the terminology of graphs, the linear ordering problem can be formulated as follows: find an
acyclic tournament of maximum weight in a complete edge-weighted digraph. If each acyclic tournament
T =(N,, Ey ) is associated with a point in n?—n dimensional space as follows:

" _{1,(i,j)eET

o, i) e Er

then of the linear ordering problem, as an integer linear programming problem, has the form:

n n
D> eix; - max

i=1 j=1
0<x; <L +X; =Li=j,i,j=1..n 1)

Xij e[O’:I']’i * j1i1 J :1,...,n .

The polytope corresponding to the system (1), (2) will be denoted by B,, and will be called the initial
relaxation polytope. The linear convex hull of the integer vertices of the polytope B, will be called the
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24 George Bolotashvili

linear ordering polytope and will be denoted by PB,. Taking into account the system of equalities

n®-n

Xj + X =Li,j=1..,n polytope B, and P, are considered in dimensional space.

For the description of the linear ordering polytope by using linear inequalities, a number of important
results are obtained in [1]; Mobius ladder inequalities and m -fence inequalities in [2]; m -fence inequalities
in [3]; (m; k)-fence inequalities in [4]; t -reinforced m-fence inequalities in [5]; t -reinforced (m; k)-
fence inequalities, k >3 k—odd, t=2, >4 in [6]; t-reinforced (m; k)-fence inequalities, k >3 k —
odd, t=2, =3 in [7]; the facets using a graph in [8]; new (m; k)-fence inequalities. Also, in [9] and
[10], obtained two types to mapping facets, which plays an important role for obtaining facets of the linear
ordering polytope.

Facets induced by Mobius ladders
Definition 1. Let D=(V,M) be a sub digraph of D, which is generated by k dicycles C,,...,C, i. e.
V =WV (C;), M =UGC;, satisfies the following properties:

(@l) k>3 and k is odd.
(a2) The length of C; is three or four, i=1,...,K.

(a3) The degree of each node u €V (M) is at least three.
(a4) If two dicycles C; and C;,2<i+1< j<k have anode, say v, in common then C; is either left-

adjacent or right-adjacent to C,; bat not both.
(@) Given any dicycle C;, je{l...k} set J={L...k} N ({j-1j-3..j-k+2})u
{i+1j+3,...,k—=2}). Then the set M —{g;,i € J} contains exactly one dicycle, namely C;. Then D is

called a Mobius ladder.
On the Fig. 1 depicted a Mobius ladder.

v

Fig 1. Mobius ladder.

In [1] the following result is obtained:

Theorem 1. Let D =(V,M) be a Mobius ladder in the complete digraph D, generated by the k dicycle
C,,...,Cy. Then the Mobius ladder inequality

k+1
> xij§|M|—% (3)

(i,))eM

defines a facet of P, for n>|V|.
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In the future, in the paper we will draw a directed graph corresponding to non-integer vertices of the
polytope B, , where the value along the edge direction is 1, along the reverse direction of the edge is 0, and

the edges that will be absent in the figure are equal to 1/2.
We receive the following results:

Theorem 2. Let D =(V,M) be a Mobius ladder in the complete digraph D, generated by the k dicycles
C,.....C,. Then, when deleting all common edges of neighboring orcycles, a graph is obtained that

corresponds to a non-integer vertex x° of the polytope B,.

Theorem 3. Let D =(V,M) be a Mobius ladder in the complete digraph D,, generated by the k dicycles
C;....,C,, and x® non- integer vertex of polytope B, which obtained, if deleting all common edges of

neighboring orcycles, when all adjacent integer vertices for x%and only they satisfy the inequality (3) as an
equality.

m -facets and t -reinforced m -facets

We introduce the notation X;; + Xji — X =(i,j.k), i=j, i=k j=k, i, jk=1..,n
When describing non-integer vertices of the polytope B, , the following lemmas are used:

Lemma 1.
(i,j,k)=0:> (j,k,i)=0,(k,i, j)=0,(j,i,k) =1,(i,k, j) =1, (k, j,i) =1.
Lemma 2.
@i, j,k)=0,(3,k,)=0<= (i, j,1)=0,(j,k, 1) =0;
(,5,k) =L,k D)=1<(, jD)=1(j,k 1) =1
Xij =0,X) =0 %; =0,(i, J, k) =0; % =1 x =1 x5 =1(, k) =1.

Example 1. Consider a Mobius ladder containing three oriented cycles of length four, shown in Fig.2.

The facet corresponding to Fig. 2, taking into account the system of equalities X +X; =1,

i=],i,j=1..,6, can be rewritten like this:

Xq4 + Xo5 + X35 = Xq5 = Xpg — Xgq — X1 — Xoq — Xg5 < 1. 4)
1 2 3 1 2 3
4 5 6
Fig. 2. Mobius ladder containing Fig. 3. Non-integer vertex x° of the polytope B, .

three oriented cycles of length four.

Based on Theorem 2, consider a non-integer vertex x of the polytope B, shown in Fig. 3.

The non-integer vertex x° of the polytope B, shown in Fig. 3 looks like:

Bull. Georg. Natl. Acad. Sci., vol. 16, no. 3, 2022



26 George Bolotashvili

1 1 1
xO:(xlS:O,xze:O,x34:0,xle:0,x24:0,x35:0, XM:E’XZSZE’X%:E'
Xip ==, X —lx —lx —lx —lx —1)

12 =50 X3 =50 K13 =5 Kas =50 X6 =50 Kag =)

x? satisfies the following system of equalities:
¥15 = 0, %5 = 0,%34 = 0,X6 = 0, %4 = 0,%35 =0
Xip + Xog = Xig = 0, X1 + X5 =Xy =1 X + X5 = Xi5 =1, X4 + X5 = Xp5 =0
Xig + Xgs =X =1 Xig +Xgg =Xy =0 Xy + Xy = X5 =1 Xgy +Xpg = X6 =0
Xog + Xgg = Xog =1, Xpg + Xg5 = X5 = 0 Xog + Xog = Xog =1, Xg5 + Xgg — X35 = 0.
Using Lemma 1 and Lemma 2, the last system of equalities can be rewritten in a convenient form:
X15 = 0, %5 = 0, %34 = 0,335 = 0,X54 =0,%5 =0,
4,5,2)=0,(1,2,4)=0< (1,5,4) =0,(5,2,4) =0;
1,6,3)=0,(1,3,4)=0< (1,6,4)=0,(6,3,4) =0;

(2,6,3)=0,(2,3,5) =0 < (2,6,5) =0,(6,3,5) =0.

Adjacent integer vertices for a non-integer vertex x° correspond to the following linear orders:

5)._(2) (4)..(1) (4)..(1

15 L 1250 | [36] ;|-

(s} o0} (510
614253,625143, 514362, 536142, 425361, 436251,

where the entry(_1 j means either ii, or i,i; . It can be checked that, in the polytope B, , the above given
I

adjacent integer vertices for the non-integer vertex x° from Fig. 3 and only they satisfy inequality (4) as an
equality.

Definition 2. In a polytope B, , if only adjacent integer vertices for a non-integer vertex x° , turn the facet
inequality f (x) <0 of the polytope P, into equality, then the facet inequality f (x) <0 will be called exact
faceted cutting for non-integer vertex x°.

Consider a non-integer point corresponding to the graph shown in Fig. 4, where m>3.

Theorem 4. Non-integer point

1 1
x° :(Xisi, :E’sth =E,S¢|,S,| =1..m;

=0,x

:l,s=1,...,m;xi :
2 ]l

ji, =Ls# I,s,1=1,...,m),m=>3; shown In Fig. 4 is the vertex of
the polytope B, .

In [1] and [2], the following class of faces was constructed independently of each other (Fig. 5):
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Fig. 4. Each triple of pairs of this Fig. 5. Each triple of pairs of this
graph is the graph shown in Fig. 3. graph is the graph shown in Fig. 2.

Theorem 5. Inequality

m m m
% . _szisjq <1,
s=1 s=1 g=1
where (iy,ip,...., 1), (Jis J2y- Jm) » M <3, are disjoint subsets from the set{l,2,...,n}, defines a facet of the
polytope P,.
These facets are called m-fence inequalities or m -facets.

In [4] generalized m-facets and obtained the following facet class:

Theorem 6. Inequality

ti;xisis —iimq < t(t; 2, (5)

s=1 q=1
where (iy,i5,....i5), (J1, Jo,-- J;n) @re disjoint subsets from the set {1,2,...,n},1<t <m-2 , defines a facet
of the polytope P, .
These facets are called t -reinforced m -fence inequalities or t -reinforced m -facets.

Theorem 7. Non-integer vertex x° of the polytope B, , shown in Fig. 4, for 1<t<m-2, has adjacent
integer vertices corresponding only to the following linear orders:

Jilg, Jo,ia, Jd, g, Jo, 11 » (6)
where J; and I; any linear orders from sets {jl, Joreen jm}—{jdl, jdz,..., jd,} and
{i e =g Ty |

Jolg, Jg,lg, Ja, -1 jdﬁllz, (7

where J, and l,any linear orders from sets {jl,j2,...,jm}—{jdl,jdz,...,jdﬁl} and

{in gy} =i, gy ool |-

Theorem 8. In the polytope B, , for any particular value of t, 1<t <m-2, adjacent integer vertices for
the non-integer vertex x° depicted in Fig. 4 corresponding to linear orders (6), (7) and only they satisfy
inequality (5) as an equality.

Thus, in the polytope B, , if we have a non-integer vertex x® shown in Fig. 4, then we will also have

the corresponding, all exact facet cuts (5).
In what follows, in the polytope B, , to cut off a non-integer vertex x°, we will use only the
corresponding exact facet cuts of the polytope P, .
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(m,k) -facets and t -reinforced (m,k) -facets

As already noted in the previous paragraph, the resulting m-facets are formed using Mobius ladder,
which contain 3 orcycles of length 4. And in this section, we will explore the facets formed using Mobius
ladder, which contain k orcycles of length 4, where k >5, and k is odd.

Definition 3. Let we have numbers 1,2,....,m =7k -1, where addition and subtraction are done mod(m),
then the distance from i to j is determined as follows:

p(ii)=p(i,i)=min{j—i,i+zk-1-j,i < j,i, j=L..,m}.

Theorem 9. Non-integer vertex

X0:(Xii :E,ij =£,S;«r&d,5,d:1,...,m;xij :l’xji 21,521,...,m;
s'd 2 s Jd 2 s 2 i 2
X.j, =0.Xj,i, =Ls#d, p(s,])<k-1s,d=1..,m (8)
1

X (s.d)>k,s,d=1..m),

isjd :E’deis :E’p
where m=rk -1, k>2,7>2; is the vertex of the polytope B,, .

Definition 4. A non-integer vertex (8) of the polytope B, from Theorem 9 will be called (m,k) - non-
integer vertex of the polytope B, .

Remark 1. The definition of (m,k) -non-integer vertex of the polytope B, we gave in the case when
m=rk-1, k>2,7>2, the definition in the general case(m, k) - non-integer vertex of the polytope B, has

the form:

Definition 5. If a point with the coordinates

X0 = (x; =£,x-- =£,s¢d,s,d:1,...,m;x-- :l,x-- :1,s=1,...,m;
s'd 2 JsJd 2 Is Js 2 Jsls 2
X.j, =0.xi =Ls=#d,p(sl)<k-1s,d=1..,m
=0orl L =lor0 L d)>k,s,d =1
Xj, =0orlor 2, x;; =lor 0or E,p(s, )=k,s,d =1,..,m),

where m=7k+q, q=-1..,7-2,k>2,72>2 is a non-integer vertex of the polytope B, , then this non-
integer vertex will be called (m, k) - non-integer vertex of the polytope B, .

[3] generalized m-facets and obtained the following class of facets:

Theorem 10. Inequality

m m k-1
PRTEDIPNCTIES RIS ©)
s=1 s=1 g=1

where (i, 15,....i5), (f, J2.- Jn) are disjoint subsets from the set{L,2,...n};m=rk-1 k>2,7>2,
addition and subtraction of indices is done mod(m); defines a facet of the polytope P,
Facets (9) are called (m, k) -fence inequalities or (m, k) -facets.
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Theorem 11. (m,k)non-integer vertex x” of the polytope B, from Theorem 9, has adjacent integer
vertices corresponding only to the following linear orders

Jalg, Jo, b, Jo, -da_, Ja_ 1 (10)
where J; and I; any linear orders from sets {j, ... =g, da, - Ja_ 3 and
{ivsigs i3 —ig, dg, o la_ 3 p(dg,dgg)>k, s=12...,7-1;

Jolg, Ja, 14, Ja, +4g, Ja, 12 » 11)
whereJ, and I, any linear orders from sets {jl,jz,...,jm}—{jdl,jdz,..., jdp} and
{il,iz,...,im}—{idl,idz,...,idp}; p>7-1, conditions p(dg,dg,;)<k-1, se{l,2,..,p} are metat one or

several places, so that the vertex corresponding to the linear order (11) satisfies inequality (9) as an equality.

Theorem 12. In the polytope B, , integer vertices corresponding to linear orders (10), (11) and only they,

for a specific value of 7, satisfy inequality (9) as an equality.
If we consider the (m,k)facet from [3], where m and k are interconnected as follows: m = 7k -1

k>2,7>2; then it is obvious that in [3], the (m,k) facet was constructed only for some values of m.
Therefore, the question arises: what form does the (m,k) facet have for other values of m? All the (m,k)

facets are constructed, but the main part is not published yet. For example, the class of facets for m = zk,
k>2,7>2 from [8] is provided:

Theorem 13. Inequality

m m k-1 k-1
L. — . A A . . . <7T_—
Xls Js ZZ (Xls Js+q + X|s+q Js ) + Z (X|p+d Jp+d+k + X|p+d+k Jp+d ) ST 1’
s=1 s=1 g=. d=0

where p=1...,m;{i,,i,,....i} and {j;, j,..... I} are disjoint subsets from the set {1,2,....n}; m=zk,
k >2,7>2 ; addition and subtraction of indices is done mod(m); defines a facet of the polytope P,.

As already noted, [4] generalized k -facets and obtained t -reinforced m -facets. Similarly, in [5,6,7,8]
generalized (m, k) -facets and obtained t-reinforced (m,k) -facets.

For a generalized (m,k)facet, below certain values of 7 and k, we obtain facets that are

fundamentally different from each other. Therefore, taking into account the difference and complexity of
individual classes of facets, they are studied separately. For example, the following facets are built
separately

For m=7k-1, k>3, k—odd, t =2,7=3; the facets are published in [5];

For m=7k-1, k>3, k—odd, t=2,7 >4 the facets are published in [6];

For m=zk-1, k>4, k—even, t—odd, 3<t<k-1,7=3;

For m=zk-1, k>5, k—odd, t—even, 4<t<k-17=3;

For m=zk-1, k>5, k—odd, t —even, 4<t<k-17>4;

For m=7k-1, k>4, k—even, t—odd, 3<t<k-1,7>4;

For m=7k, k>3, k—odd, t =2,z =3; the facets are published in [8];

For m=zk, k>3, k—-o0dd, t=2,7>4;

Form=rk, k>4, k—even, t —odd, 3<t<k-1,7r=3;
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For m=7zk, k>5, k—odd, t —even, 4<t<k-1,7=3;
For m=zk, k>5, k—odd, t —even, 4<t<k-17>4, r >4
For m=zk, k>4, k—even, t —odd, 3<t<k-17>4.

These classes of facets have been obtained, but the main part of these facets has not been published. All
t -reinforced (m, k) -facets are also built for any value of m. These facets have a very complex appearance.

However, the principle of constructing these facet classes is similar to each other. Therefore, if we build
several classes of t-reinforced (m,k)-facets, then building other t-reinforced (m, k) -facets is already a

technical problem.
We have built all the (m, k) -facets and all the t -reinforced (m,k ) -facets, but the bulk of these facets

have not yet been published.

Thus, having an (m,k) non-integer vertex of the polytope B,,, we also have all the corresponding exact

facet cuts.

065655035

060050 BoLYEHJO0 JMHR030 29005500 gdJdOL
365g35¢0fobbogsliomgols

- 00EM®5d30¢0

bsgs®omz9¢00b 39760379600 2960396HL0AIH0; 3. F53F506000L bsb. 3089(69(5030b 0bbHOGIH0, 0dogrobo,
bsgsGorzgene

(Fom3mp 960605 535079300 Fg360l 6. beyBemdol dog)

NP-Lomovwmols s9mEsbgdol 36sgsefabbsggdoliongol gslig@wdo (BsLgds—0sguodsermmo gsb-
DmBomgdol Fobbsg o) M@EHmergdgdols 53gds s 35000 g39myggbgds smblibols Mml I6odgbgemgzsbo
00056H00mengdss. (3bsgod, 53 89dmbggzsdo 8godergds gogodMmma 59 s9m3369d0l sdmblibols 3memo-
BmBosen se0gmM0mdgdBYgE. 6s3Mmdo 89033 NP-Lomovymols fHgo30 3500550006 0dgd0ls 36Ms-
35¢0fsbbagsls JoMH0mawo BalgEYdol 3ersligdol dmgung dodmboggsls. sbsMhgbo gsligGgdol Jems-
Ugd0 30 800wYds 00050 BoLYAEHIOOL JEslgdoligsb slsbgzgdol bsdrsegdoo.
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