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In the present paper, a nonclassical dynamic three-dimensional model for thermoelastic solids, which
depend on three phase-lag parameters, is considered. The initial-boundary value problem with mixed
boundary conditions corresponding to the nonclassical model is studied, where on certain parts of
the boundary displacement and temperature vanish and on the corresponding remaining parts of the
boundary the densities of surface force and heat flux along the outward normal vector are given.
Variational formulation of the initial-boundary value problem is obtained and the existence and
uniqueness result and the continuous dependence of the solution on the given data in suitable spaces
of vector-valued distributions is proved. © 2023 Bull. Georg. Natl. Acad. Sci.

nonclassical thermoelasticity, initial-boundary value problem, existence and uniqueness of solution

Several studies indicate that various modern technological processes, such as heating and drilling with
ultrafast laser pulses [1-3], cannot be successfully described by the classical theory of thermoelasticity,
which is based on Fourier's law of heat conduction and predicts the infinite speed of propagation of thermal
disturbance. It was also experimentally observed that at low temperatures heat propagates as a thermal wave
[4-6]. In order to eliminate the unrealistic behaviour of the classical model for thermoelastic solids several
generalized theories of thermoelasticity have been developed. One of the first nonclassical models for
thermoelastic solids was proposed by Lord and Shulman [7], where instead of the classical Fourier law of
heat conduction the Maxwell-Cattaneo-Vernotte law was used, which is a generalization of Fourier's law
and depends on one relaxation time parameter. The second well-known nonclassical theory of
thermoelasticity, which eliminates the infinite speed of propagation of heat waves, was developed using a
qualitatively different approach by Green and Lindsay [8], where the constitutive relations for the stress
tensor and the entropy are generalized by introducing two different relaxation times. Later on, by using the

dual-phase-lag heat conduction model proposed by Tzou [9] instead of Fourier's law Chandrasekharaiah
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[10] constructed a nonclassical model for thermoelastic solids, which is an extension of the Lord-Shulman
nonclassical model for thermoelastic bodies. By applying the method of potential and theory of integral
equations the problems of stable and pseudo oscillations for the Lord-Shulman and Green-Lindsay
nonclassical models were studied in [11]. The domain of influence result was obtained for the Lord-
Shulman model in [12] and for the Green-Lindsay model in [13] in classical spaces of twice continuously
differentiable functions. The initial-boundary value problems with mixed boundary conditions
corresponding to the Lord-Shulman, Green—Lindsay and Chandrasekharaiah-Tzou linear dynamic three-
dimensional models for thermoelastic solids were investigated in Sobolev spaces in [14-16].

Further generalization of the dual-phase-lag heat conduction model by Tzou was proposed by Roy
Choudhuri [17], who used the Green-Naghdy model III of heat flow [18], which includes not only
temperature gradient but also the thermal displacement gradient, and introduced a nonclassical model for
thermoelastic solids, where the Fourier law of heat conduction was replaced by an approximation to a
modification of the Fourier law with three phase-lags, or delay times, for the heat flux vector, the
temperature gradient and the thermal displacement gradient. For the Roy Choudhuri nonclassical model
with three phase-lags problems of propagation of waves, thermodynamic compatibility, uniqueness and
continuous dependence problems, methods of numerical solution of corresponding problems and related
topics are considered by many researchers (see [19-22] and the references given therein).

The present paper is devoted to an investigation of the nonclassical model for thermoelastic solids with
three phase-lags proposed by Roy Choudhuri [17] in Sobolev spaces by applying a variational approach.
We consider the linear three-dimensional initial-boundary value problem corresponding to the Roy
Choudhuri model with general mixed boundary conditions, where, on certain parts of the boundary, the
densities of surface force and heat flux along the outward normal vector are given, and, on the
corresponding remaining parts, the displacement and temperature vanish. We obtain integral relations,
which are equivalent to the original differential equations in the spaces of smooth enough functions, and
on the basis of the integral relations we consider the variational formulation in suitable spaces of vector-
valued distributions with respect to the time variable with values in Sobolev spaces of the initial-boundary
value problem corresponding to the nonclassical dynamic three-dimensional model of thermoelastic solid.
We investigate the existence, uniqueness and continuous dependence of the solution on the given data in

suitable function spaces.
We denote by W"?(D)=H" (D) and H'(['), r,feR, r>0, 0<7#<1, the Sobolev spaces of orders

r,7 based on the spaces H°(D) = L*(D) and H°(I') = I*(I) of square-integrable functions, respectively,
where D R”, peN, is a bounded Lipschitz domain [23] and IF'coD isa Lipschitz surface. We
denote by H" (D) =[H"(D)]?, H' (D) =[H' (D], LX(D)=[L*(D)I', L) =[L @), r=0, 0<7<1
, s21, r,7,s € R, the corresponding spaces of vector-valued functions. The trace operators are denoted
by tr.: H'(D) — H'"*(I) and tr. : H'(D) — H'"*(I") . Fora Banach space X', we denote by C([0,77]; X)
the space of continuous functions on [0,7] with valuesin X . L7(0,7;X), 1 < g <0, is the space of such

measurable functions g:(0,7) — X that |g(¢)[, € L*(0,T) and the generalized first, second, third and
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arbitrary k € N -th order derivatives of g are denoted by g'=dg/dt, g"=d’g/dt*, g"=d’g/dt’ and
g =dg/dt" [24].

Let us consider thermoelastic body with initial configuration Qc R’, which consists of anisotropic
homogeneous thermoelastic material. The body is clamped along a part I', of the Lipschitz boundary
I'=0Q and, on the remaining part [, =T\I,, an applied surface force vector, with density
g=(g,):T,x(0,T) —> R’ is given, where ' =T UT, is a Lipschitz dissection [23] of T"; the temperature
0 vanishes along a part I'j  T" of the boundary and the heat flux along the outward normal vector of T",
with density g°:T7 x(0,T) — R, is given on the remaining part TV =T'\T") of the boundary, where
r=r g ol f is a Lipschitz dissection of I'. The body is subjected to applied body force with density
f=(/,):Qx(0,7)—> R® and heat source with density f‘ ?:Qx(0,T) - R. The nonclassical dynamic
linear three-dimensional model of stress-strain state of the thermoelastic body Q obtained by Roy
Choudhuri [17], which includes three different phase-lags, is given by the following initial-boundary value

problem in differential form:

3 3
—Z o [Zyi/.pqepq(u)+77ij9]:ﬂ in Qx(0,7), i=1,23, (1)
ax/ P
70,30 50 ¢ 0 0 (00 0)) & o= ( aej
90, LOU) y O, )9 o+
d [aﬁ "ok T2 e ] ,,; 8xp{ g 6xq(6t Y B ,,;1 pr{ maw,

3 Pu  du totw) ot of0 i of?
-0 eI bt A +-2 in Qx(0,7), 2
0 Z ﬂpqepq[atz To a2 o o To o 2 of 1 0,7) 2

P.q=1

3 3
u=0 on I,x(0,7), z[ > u,.quepq(u)myejnj =g on T, x(0,T),i=123, 3)

J=1\_p.q=1

3 2
6=0 onTyx(0.1), - 3 i{a‘g ° j -3 7, ( %jn - % onry 0.1
x

S oax Lo o ot ot

u(x,0) =u,(x), a—u(x, 0) =u,(x),

» xeQ, %)
00 06 00
0(x,0) = 6, (x), 5(}6, 0) =6,(x), (x 0) =6,(x), (x 0) = 6,(x),
6v aV/ .. _ 3 3 . . . . 3
where ¢, (V) = 5 g +8_ , ,7=1,2,3, v=(v,)_, : Q— R, is the linearized strain tensor, n = (n,);_,
Xj x,.

is the unit outward normal to I', u=(x,)_,:Qx(0,7) — R’ is the displacement vector-function of the
thermoelastic body, €:Qx(0,7) — R is the temperature distribution, u, = (u,,);, and u, = ()., are
the initial displacement and velocity vector-functions, and 6, is the initial distribution of temperature, 6, ,
6, and 6, are the rate of change, the second and the third order derivatives of temperature with respect to
the time variable at the initial moment of time, p is the mass density in the reference configuration,

7 )f’j’p’qzl is the elasticity tensor, (77, );(Fl is the stress-temperature tensor, y >0 is the volumetric heat
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capacity, (4,, ) is the thermal conductivity tensor and (/1 ) is the Green-Naghdi thermal con-

Pq=1 Pq=1

ductivity rate tensor included in the Green-Naghdi model III [18] to consider the dependence on thermal
displacement gradient, ®, >0 is the temperature of the thermoelastic body in natural state of no
deformation, which is considered as a reference temperature, 7, >0, 7, 20 and 7, >0 stand for the heat
flux, temperature gradient and thermal displacement gradient phase-lags, respectively. Note that in the case
of 7, =7,=7,=0 the Roy Choudhuri model reduces to the Green-Naghdi model III; for qu =0,
p,q =1,2,3, the considered nonclassical model with three phase-lags reduces to the Chandrasekharaiah-
Tzou dual-phase-lag model [10, 16]; in the case of 7, =0, qu =0, p,q=1,2,3,if 7, is very small and we
neglect the term with 7, , then the Roy Choudhuri model reduces to the Lord-Shulman nonclassical model

[7, 14]; in the case of 7, =7, =0 and /qu =0, p,q=1,2,3, the nonclassical three-phase-lag model reduces

to the classical linear three-dimensional model for thermoelastic solids.

We assume that the elasticity tensor ( /U,,pq) the stress-temperature tensor (77,,, ) the thermal

i.j,p.q=1? P.q=17

conductivity tensor (4, ) and the thermal conductivity rate tensor (/1 ) satisfy the following

Pq=1 Pq=1

symmetry conditions:

Bipg = Mgy = Hings My =Mji> Ay = Ay Ay =Ayps 1) P5q=1,2,3. (6)

If u=(u,), and @ are smooth enough, then by multiplying equations (1) by arbitrary continuously
differentiable functions v, :Q—>R (i=1,2,3), which vanish on I, and equation (2) by a continuously
differentiable function ¢:Q — R, such that ¢ =0 on Fg , by integrating on Q, by using the Green
identity [23], and by taking into account the symmetry properties (6) and the boundary conditions (3), (4),

we obtain the following integral relations:

ZIP

3 3
Ly.dx + Z J.yiquepq (w)e; (v)dx + Z J-Qng@ey (v)dx = If,v,dx+ Z j gvdl, (7)

i=l i,j,p,q=1Q i,j=1 i=l O i=l I,
2’0 %0 ro %0 9
—+7 @dx + A +10,— A
[ b an a2
+r aej % -0 ZI du,  du mdtul jf dx— I dr, ®)
2 o ) ox P Opq Ianq Pq 62 0 6[3 7 6[ @ @ g ¢

2 ~0
where [ —af +7, f 8—f3, ggzai. Therefore, if w=(u,)., and 6 are solutions of
ot or* 2 Ot Ot

equations (1), (2) and satisfy boundary conditions (3), (4), then u=(u,);, and @ are solutions of (7), (8).
Conversely, if u = (y, )?:1 and € are smooth enough solution of equations (7), (8), then by using the Green

identity and density arguments we obtain that u = (y, )f:I and @ satisfy equations (1), (2) and boundary

conditions (3), (4). So, the initial-boundary value problem (1)-(5) corresponding to the nonclassical
dynamic three-dimensional model of thermoelastic solid with three phase-lags is equivalent to equations

(7), (8), together with initial conditions (5) in the spaces of smooth enough functions.
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We identify the unknown vector-function u and the function 8 with vector-functions defined on [0,7']

with values in suitable spaces of functions defined on Q , and by applying the integral relations (7), (8) we

obtain the following variational formulation of the initial-boundary value problem (1)-(5) in the spaces of
vector-valued distributions: Find the unknown vector-function w,u’,u”,u” e C([0,7];V(Q)),

@ e }(0,T;V(Q), 6,0.,0"eC(0,T;V°(Q)), 0"l (0,T;V°(Q)), 09 eL?(0,T;L*(Q)), which

satisfy the following equations in the sense of distributions on (0,7),

p", V). o +a(,v)+b(0,v) = (f,v); , +(g tr, My IVEVQ), )

2
Z[a" +7,0" +%9<4>,¢J +a’ (0 +1,0".0)+a’ (0 +1,0',0)—
7 (Q)

-0 b9£u o, j 70 py — (& (@) e TP EV(Q), (10)

together with the initial conditions
u(0)=u,, u'(0)=u,, 6(0)=06,, 0'0)=6,, 0"(0)=6,, 0"(0)=4¥6;, a1
where V(Q)={ve H'(Q);tr.(v)=0 onT,}, V’(Q)={pe H (Q);t.(9)=0 onT}},

a(¥,v) = j 23: e,y (V)e,(Vdx, WV, ¥ e H'(Q),

Qi.Jj,p.q=1

8¢ 0 84 0 3
al (¢.p) = IZ w—(odx a3 (@,p) = IZ w—wdx Vo,peH'(Q),

Q p-q=1 pq6x Q P-q=1 pqax
b(p,v)=b°(v,p) = J(p Z 1,,€,, (V)x, VoeL'(Q),ve H(Q),
p.q=1
("')LZ(Q) , (.,.)LQ(Q) , (.,.)Lz(m and (.,.)Lz(rlg) are scalar products in the spaces L’(Q), *(Q), L’(I',) and
}(TY), respectively.
For problem (9)-(11), which is equivalent to the initial-boundary value problem (1)-(5) in the spaces of

smooth enough functions, the following theorem is valid.

Theorem. Suppose that €2 is a bounded Lipschitz domain and the parameters characterizing elastic and
thermal properties of the thermoelastic body satisfy the symmetry conditions (6), the positive definiteness

conditions

3 3
2 _ .
> Hijpg€ gy 2 €, > (6;)°s Ve, eRog =g, 1,7=1,2,3, ¢, >0,

i,j,p.q=1 i,j=1

3
lepqugq>012(gp)z, z/lpqepgq>c12(g) Ve, eR, p=1,23, ¢,>0,¢; >0

Pq=1 p=1 Pq=1
and 7,>0, 7,>0, 7,>0. If feC(0,T;H (), f' eC(0,T;H*(Q)), f"eC(0,T];H (Q)),
.19 e (0,7;U(Q), gg.g.8"eg".g” eO.T;L T, [ f eLlOT;L(Q), g2,
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ggH e }(0,T;L'°(T'Y)), and the initial conditions wu, e H(Q)NV(Q), wu, e H'(Q)NV(Q),
0, c H'(QNV'(Q), 6 cH QN (Q), 6,cH QNI Q), 6, cV’(Q), satisfy the following
compatibility conditions

g.(0)=1r [Z( Dty (uo)+77,-,-6’ojn,} g(0) =1 (Z( D e, (u, )+77”6’J ]

J=1\ p.q=1

A i=1,2,3,
3 3 3
gl."(O) =0, (Z( Z Hig®pq (u2)+77”9 ] ’]’ gim(O) =y (Z( Z Hig®pq (u3)+77¥793]n.f}
1\ p.q=1 J=E\ p.g=1
g’ (0)=-m, (Zﬂ (6,+7,6,)n,+ > A, (49 +7,0)n, J
! p.q=1 p.q=1 axq

where n = (n,);_, is the unit outward normal vector to T,

" =1[2 a [Z i 00 41,0 j+f(0)]

Pq=1

1

=1,2,3,
Us; :_[Z ai {Z luupqepq(u )+7711 J+f(0)]

P-q=1

then the initial-boundary value problem (9)-(11) possesses a unique solution, which continuously depends

on the given data, i.e. the mapping
(uo ) u] ’ 9() s 91 ) 02 s 93 ) f,f',f”’fm, g!’ g"a gma g(4) afg s gg s gl9 ) - (uyu,s ll”, uw’ u(4) ) 93 ela 0”9 9"’)
is linear and continuous from space

H* (Q)x H* (Q) x H* (Q) x H*(Q)x V'’ (Q) x I2(Q) x C([0,T]; H* (Q)) x C([0,T]; H' (Q))
xL*(0,T; 12 (Q))x L' (0,T; L7 () x L (0, T; L (') x L (0, T; L (")) x L (0, T; L (T, )
xL*(0,T; L (T)x L (0,T; L (Q))x L (0,T; L' (T?)) x I’ (0,T; L' (T'?))

to space

C([0.T]: V(Q))x C([0.T]: V() x C([0,T]; V(Q) x ( C([0,TT: L* () N I (0.T; V() ) x I (0,T: L (Q)) x

xC([0, T,V (@) x C([0,T]:V* (@) x (C([0,T]; L (@) N ([0, TV () x L (0,73 1 ().
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