LOISBMBIVML 83G60IBI3SNS IGMB6IR0O S35RIFO0L 9MS33I, &. 16, Ne4, 2022
BULLETIN OF THE GEORGIAN NATIONAL ACADEMY OF SCIENCES, vol. 16, no. 4, 2022

Mathematics

Consistent and Unbiased Estimators of any Parametric
Function for Gaussian Statistical Structures

Giorgi Lominashvili®, Mzevinar Patsatsia™, Zurab Zerakidze®

* Faculty of Exact and Natural Sciences, Akaki Tsereteli State University, Kutaisi, Georgia
“Faculty of Natural Sciences, Mathematics, Technologies and Pharmacy, Sokhumi State University, Thilisi, Georgia
§Faculty of Educations, Exact and Natural Sciences, Gori State University, Gori, Georgia

(Presented by Academy Member Elizbar Nadaraya)

In the paper we define consistent and unbiased estimators of any parametric function for Gaussian
statistical structures. Necessary and sufficient conditions for the existence of such estimators are
given. © 2022 Bull. Georg. Natl. Acad. Sci.
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Let measurable space (£,S) and family of { il } be given on this space [1]. In the paper we prove

necessary and sufficient conditions of consistent and unbiased estimators of any parametric function for

Gaussian statistical structures.

Definition 1. The set of objects {E S p,iel } is called a statistical structure.

Definition 2. A statistical structure {E,S, wiel } is called orthogonal (singular) (O) if a family of

probability measure { il } consists of pairwise singular measures (i.e. g L u;, Vi# j).

Example 1. Let £=[0,1], S be Borel o -algebra of [0,1] subsets. Let:
w (B) :Zlé[Bm[O,% J , BeS,

,uz(B):M(Bm[%,l j BeS,

1 (B):M[Bm[o,% ] BeS,

where ¢ is Lebesgue measure on S'. Then g4 1 4, and u, 1 5 but g5 is not orthogonal to p;.
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Definition 3. Statistical structure {E,S, z;,i € I} is called weakly separable (WS), if there exists a family
of S -measurable sets {X;,i e /} such that the relations are fulfilled:

Loif Q=
luz( j) {0’ if l?ij (19] (S )

Definition 4. Statistical structure {£,S,z;,i eI} is called separable (S), if there exists a family of S -
measurable sets {X,,i e 7} such that the relations are fulfilled:
L, if i=j
) (X, )= Ljel),
)”’< -’) {0, if i#j (i.7e)
2) Vi,jel: card(X,nX;)<c if i,

where ¢ denotes the continuum power.

Definition 5. Statistical structure {E S, uiel } is called strongly separable (SS), if there exists a disjoint
family of S -measurable sets {X,,i € I} such that the relations are fulfilled:
ui(X;)=1, Viel.

Remark 1. From strong separability there follows separability, from separability there follows weak
separability and from weak separability it follows orthogonality but not vice versa, i.e.
(SS)=(S)=(WS)=(0).
Example 2. Let £ =[0,1]x[0,1], S be Borel o -algebra of E subsets. Consider the sets
v :{osmL y=i, ie(0,1];
0<x<l 0<y<l i=0
and assume that /,, i (0,1] are linear Lebesgue measures on X; and L, is a plane Lebesgue measure
on [0,1]x[0,1]. Then the statistical structure {E,S Qe (0,1]} is orthogonal but not weakly separable.
Let / be the set of parameters and B(/) o -algebra of subsets of 7, which contains all finite subsets

of 1.

Definition 6. Statistical structure {E S el } will be said to admit consistent estimators of parameters

i e I (CE), if there exists at least one measurable map & :(E,S)— (I,B(I)) such that

yi({x: S(x)zi})zl, Viel.

Definition 7. Statistical structure {E,S,u;,i e} will be said to admit consistent estimators of any
parametric function (PCE) if for any real bounded measurable function g : ([ ,B(I )) — R there exists at

least one measurable function f:(E,S)— R such that
,ui({x: f(x)=g(i)})=1, Viel.
Definition 8. Statistical structure {E,S,u;,iel} will be said to admit unbiased estimators of any

parametric function (UPC) if for any real bounded measurable function g : (I ,B(I )) — R there exists at

least one measurable function g:(E,S)— R such that
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_[ﬁ(X)/t,-(dx):g(i), Viel.

Remark 2. If statistical structure {E S, uiel } admitting consistent estimators of parameters i € 7, then

the statistical structure {E, S, u,iel } [2] which admits consistent estimators for any parametric function

and statistical structure, which admits unbiased estimators of any parametric function but not vice versa,
ie.
(CE)= (PCE)=(UPC).

Remark 3. If statistical structure {E,S S iel } admitting consistent estimators of parameters i € / then

this statistical structure {E S Sop,iel } is strongly separable but not vice versa, i.e. [3]:

(CE) = (S9)

Example 3. Let £ =[0,1]x[0,1], let B([O,l] x [0,1]) be Borel o -algebra of subsets. As a set of parameters
consider the set 7 =[0,1]x[2,3]. Let us take the B([O,l]x[2,3]) measurable sets

. :{osmh y=i, if ie[0,1],

x=i-2, 0<y<l, if ie[2,3]
and denote by ;, ie[0,1]U[2,3], linear Lebesgue measure on X;. Then the statistical structure
{[O,I]X[O,l],B([O,l]x [O,l]),yi,i € [O,I]X[Z,S]} is a separable statistical structure. Suppose that it admits
consistent estimators of parameters.
5:([0.1]x[0.1], B([0,1]x[0,1])) > (7. B(1))

with

n ({x: 5(x) :i}) =1, Vie[0,1]x[2,3].

Let us introduce sets
A ={x: 5(x)e[0.1]} and 4, ={x: 5(x)e[2,3]}.

Itis clear that 4 and A, are B([0,1]x[0,1])-measurable sets and we have:

(A O {[0]x{il}) =1, vie[0,1]
and
(4 n{{r=2px[01]}) =1, vie[2.3].
Further, according to the Fubin theorem we conclude that /(4 )=1 and ¢(A4,)=1 (where / is the

Lebesgue plane measure). From here, taking into account that
4 N4, = and 4 U4, =[0,1]x[0,1],
we verity that
(([0.1]x[0,1]) =2,
which contradicts the fact that (([O,I]X[O,l]) =1. Hence, thus statistical structure does not admit a

consistent estimators of parameters.
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Remark 4. The statistical structure {[O,l]x [0,1],¢;,i e [0,1]} in Example 2 is orthogonal, but not weakly

separable. Hence this orthogonal statistical structure does not admit a consistent estimator of parameters

[4].

The Consistent Estimators of Parameters of Gaussian Statistical Structures
Let & (t,@), t=(t,t5,...,1,) €T, where T is a closed bounded subset of R", iel, card I = y, be a
real Gaussian homogeneous field on 7 with zero mean E[fl (l)] =0 (teT, iel) and correlation
functions of difference of arguments

E[fl (t)fl- (s)] =Rl-(t—s) (t,seT, iel).

Let {u;,ieI} be the corresponding probability measures given on (£,S) and let f;(2) (ﬂ. € R")
be bounded densities for all i e /. Let
|b~zt (/1,,“)
Jr () 1 [#]

2

| didu=+o, Vi'zi", i'i"el,

R

where 514’1«/1 (A, y) (ﬂ, ueR", Vi'zi", i',i"el ) is the Fourier transformation of the following functions
by i (l,s) =R, (l,s)—R,-. (t,s) (Vi' #i", i',i"e 1).

Then the corresponding probability measures g, and u» are pairwise orthogonal measures (see [5])

and {E,S,u;,i eI} is Gaussian orthogonal statistical structure.

Theorem 1. Let {E,S, M iel } , card I = y, be Gaussian orthogonal statistical structure, then
(0)=(WS)=(S)=(CE)= (PCE)= (UPC).

Proof. Due to the singularity of statistical structure {E,S, M iel } there exists the family of S -

measurable sets {X, } such that for any i=k: s (X,;)=0 and x4 (E—X,;)=0. Therefore, if we

consider the sets X, =| J(E—X,, ), we get 1, (X;)=0. Hence, x (E-X,;)=1 On the other hand, for

i
k#i

k#i wehave u, (E—X;)=0.It means that the statistical structure {E,S,;,i eI} is weakly separable.

Therefore, there exists the family of S -measurable sets {X,,i e I} such that

(1, if =,
”i(Xf)_{o, if i# ).

Consider now the sets

X =X —(X,. m[Uij], iel.
pat
It is obvious that these sets are .S -measurable disjoint sets and ; ()? l») =1, Viel. Let us define the
mapping & :(E,S) —> (1,B(1)) in the following way &(X;)=i, Vi . Then we have:
{x: 6(x)=i}=X, and ,ul-()?i):,ui({x: 5(x):i}):1, Viel.
Hence, & is consistent estimators of parameters.
Let g:(Z,B(I))—(R,B(R)) be a real, bounded, measurable function and define the function &, as

follows &, (x) = g(5(x)) . Then we obtain:

Bull. Georg. Natl. Acad. Sci., vol. 16, no. 4, 2022
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{x: §g(x)=g(i)}={x: §(x):z‘},
,ui({x: §g(x):g(i)}):,ui({x: 5(x):i}):1, Viel
and

J.fg (%) (dx)=g(i), Viel.

Combining now all of the above, we conclude that:

1) (0) <= (WS) <= (S)<(SS) < (CE);

2) (0)=(WS)=(S)=(SS)=(CE)=(PCE)= (UPC).

Theorem 2. If Gaussian statistical structure {E,S, Hiel } , card I = y, admits consistent estimators of

any parametric function, then
(PCE)= (CE)=(SS)=(S)=(WS)=(0).

Proof. Since the statistical structure {E,S, M i€l } , card I = y, admits consistent estimators of any

parametric function, denote by f(x) one of the corresponding consistent estimators for / i (i ) indicator.

Hence, for the sets {x S (x) =1; (1)} =X, , we have:

ﬂj(Xi):{

Therefore the statistical structure {E,S, ;i e I}, card I = y, weakly separable, (WS)= (O) and

1, if i=,
0, if i#j.

(0)=(WS)=(S)=(SS)=(CE)=(PCE) = (UPC).
Let H be a separable Hilbert space and let B(H ) be Borel o -algebra on it. Let (x,y) denote the
scalar product of elements x and y in H . Denote by y the characteristic function of Gaussian measure

MU, ie.

2,(2)= j (@) —exp{ (j,z)—%(Bz,z)}, jeH,

where B is the correlation operator of ;. Let us denote by {,uj, jeH } the family of all Gaussian

measures on (H ,B(H )) with the same correlation operator B. We consider the Gaussian statistical
structure {H ,B (H ), uj,jeH } . Feldman and Gaeck proved that Gaussian measures are either mutually

equivalent or orthogonal on (H ,B(H )) Let us divide the family {,uj, jeH } into disjoint families as

follows equivalent measures 4 j, ~ M, are included in one family, if

0

' ]29 . . . .
Z l <o, Vj#jy, J1sJa€H,

i=

where {ei}jil is an orthogonal basis of the correlation operator B and A, are eigenvalues of operator B .

In other families the measures 4; and z; will be placed, if

o0

. ]Za . . . .
z l =+, YV # j, JisJa€H .

i=
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It is clear that Gaussian measures placed in the least families are orthogonal pairs. If we choose now

one representative from each family, then we will get Gaussian orthogonal statistical structure
{H.B(H).u;.jeH].

Theorem 3. Let

e'e) . . 2
— 1,
Z(h ff ) =400, Vji # jy, JinJa €H and card H =y,

then
(0)=(WS)=(SS)=(CE)= (PCE)= (UPC).

Theorem 3 is proved as Theorem 1.
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