saqarTve los mecnierebaTa erovnulli akademiis moambe, €. 17, #4, 2023
BULLETIN OF THE GEORGIAN NATIONAL ACADEMY OF SCIENCES, vol. 17, no. 4, 2023

Mathematics

Consistent Estimators of Parameters and Consistent
Hypotheses Testing Criteria for the Haar Statistical
Structures

Zurab Zerakidze®, Gimzer Saatashvili®, Lela Aleksidze",
Laura Eliauri”

“Faculty of Education, Exact and Natural Sciences, Gori State Teaching University, Gori, Georgia

(Presented by Academy Member Elizbar Nadaraya)

Statistics of random processes is used in various fields of science and technology. When using random
processes as models of real phenomena, the question arises of determining the probabilistic
characteristics of the process. Statistical method should be used to determine probabilistic
characteristics. Among the problems of statistics, there is a class of problems in which the number of
observation is unique. Despite the uniqueness of observations in many cases it is possible to reliably
determine the values of unknown distribution parameters or to reliably choose one of infinite
numbers of competing hypotheses about the exact form of the distribution. In the case when
parameter or hypotheses are reliably determined by one observation, it is said that there exists a
consistent estimate of parameter. In this paper, we define Haar statistical structure. Necessary and
sufficient conditions are given both for the existence of consistent estimators of parameters and a
consistent criterion for hypotheses testing. © 2023 Bull. Georg. Natl. Acad. Sci.
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Let (E,S) be a measurable space with given family of probability measures{s,,heH}. An object
{E.S, u,h € H} is called a statistical structure.

By (ZFC) we denote the formal system of Zermelo-Fraenkel with the addition of axiom of choice (AC),
i.e. (ZFC) = (ZF) & (AC). By (ZFC) & (CH) we denote the theory with the addition of a continuum
hypothesis (CH): 2% = @, , where & denotes the first uncountable cardinal number, and by (ZFC) & (MA)
we denote the theory with the addition of Martin's axiom (MA). It is known that in the theory (ZFC) &
(CH) Martin's axiom (MA) is automatically satisfied. It is well known that Martin's axiom (MA) is much
weaker than the continuum hypothesis (CH). Moreover, the negation of the continuum hypothesis (— CH)
is compatible with Martin's axiom [1].
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It is known that if a statistical structure admits weakly consistent, consistent, or strongly consistent
estimators, then this statistical structure is orthogonal [2]. The notions and corresponding constructions of
weak separability and strong separability were introduced and studied by A. Skorokhod [3]. The notion and
corresponding construction of consistent criteria for hypothesis testing were introduced and studied by
Z. Zerakidze. It is known that if a statistical structure admits either consistent estimators or consistent
criterion for hypotheses testing then this statistical structure is strongly separable but not vice versa [4].
Z. Zerakidze and O. Purtukhia constructed a strongly separable statistical structure that does not admit a
consistent criterion for hypotheses testing in the theory (ZF) [5]. A. Skorokhod proved that in the theory
(ZFC) & (CH) an arbitrary weakly separable statistical structure, whose cardinality is not greater than the
cardinality of the continuum, is strongly separable [6]. Z. Zerakidze proved that in the theory (ZFC) &
(MA) Borel weakly separable statistical structure, whose cardinality is not greater than the cardinality of
the continuum, is strongly separable [7].

This paper is devoted to the question of the existence of consistent estimators of parameters and the
existence of consistent criteria for hypotheses testing for the Haar statistical structure.

We recall some definitions from the works [8].

Definition 1. Let E be an arbitrary locally compact and o -compact topological group and B(E) is o -
algebra of subsets of E. We say that measure p defined on B(E) is Haar measure if (t is regular measure

and
u(sX)=u(X), vsekE, VX eB(E).

Definition 2. An object {E, S, z4,,h € H} is called Haar statistical structure, where {z4,, h e H} is a family
of Haar probability measures on (E, B(E)).

Definition 3. A Haar statistical structure {E, S, 14,,h € H} is called orthogonal (singular) Haar statistical
structure if the family of probability measures {s,, h € H} are pairwise orthogonal measures.

Definition 4. A Haar statistical structure {E, S, 14,,h € H} is called weakly separable statistical structure if
there exists a family S —measurable sets {X,,h € H} such that the relations are fulfilled:
1, if h=h;

" (hh eH).
0, if h=h

:uh(xh')z{

Definition 5. A Haar statistical structure {E, S, 14,,h € H} is called separable statistical structure if there
exists a family of S -measurable sets {X,,,h € H} such that the following relations are fulfilled:
1 if h=h; ' _
‘uh(Xh'): _ . (h,h eH);
0, if hh

vh,h e H :card(X, nX,)<c, if h=h,

where ¢ denotes the cardinality of the continuum.
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Definition 6. A Haar statistical structure {E, S, 14,,h € H} is called strongly separable statistical structure
if there exists a disjoint family S — measurable sets {X,,h € H} such that

Remark 1. Strong separability implies separability, separability implies weak separability, weak
separability implies orthogonality, but not vice versa [9].

Remark 2. On an arbitrary continuum power E of a locally compact and & -compact topological group,
one can define an orthogonal Haar statistical structure with the maximum possible cardinality equal to 2%

a weakly separable Haar statistical structure with the maximum possible cardinality equals 2° and a
strongly separable Haar statistical structure with the maximum possible cardinality equals ¢ [10].
Let H be the set of hypotheses and let B(H) be o -algebra of subsets of H which contains all finite

subsets of H .

Definition 7. A statistical criterion for hypotheses testing is any measurable mapping:
6:(E,S) > (H,B(H)).

Definition 8. We will say that the Haar statistical structure {E, S, 4,,h € H} admits a consistent criterion
for hypothesis testing if there exists at least one measurable mapping & : (E,S) — (H,B(H)), such that

t({x:8(x) =h})=1, VheH.

Let | be the set of parameters and let B(l) be o -algebra of subsets of | which contains all finite

subsets of I .

Definition 9. We will say that the Haar statistical structure {E, S, 14,1 € 1} admits a consistent estimators
of parameters i e | if there exists at least one measurable mapping & : (E,S) — (I, B(l)), such that

({x:8(x) =i})=1, Viel.

Remark 3. There are statistical structures that admit a consistent estimators of parameters but do not admit
a consistent criterion for hypothesis testing [11].

Theorem 1. In (ZF) theory, the Haar statistical structure {E, S, z;,i € N} (where N is the set of natural
numbers) admits a consistent estimators of parameters i< N if and only if when it is either strongly
separable, or separable, or weakly separable, or orthogonal.

Proof. Necessity. Since Haar statistical structure {E, S, 14,i € N} admits a consistent estimators of para-
metersi e N , there exists a measurable mapping ¢ : (E,S) — (N, B(N)), such that t({x:5(x)=i}) =1,
VieN. Let X; ={x:5(x)=i}, then it is evident that X. " X. =@, Vi =i and 1(X;)=1 vieN.

Therefore, Haar statistical structure is strongly separable. Hence, according to the Remark 1 the proof of
necessity is completed.
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Sufficiency. Due to the orthogonality of Haar statistical structure {E, S, 4,,h € N} there exists the family
npi) =0 and w, (EXNCX, i) =0. Therefore,
), we get u,(X;,)=0. Hence, u,(E\ X;)=1. On the other

of S -measurable sets {X,_ .} such that for any h=h (X

h,hi

if we consider the sets Xy, = U (E\ X, i
h =h !

hand, for h=h" we have  (EX X,) =0. It means that statistical structure {E, S, 14,,h € N} is weakly

separable [12]. Therefore, there exists the family of S -measurable sets {X;,,h e N} such that

1, if h=h"
luh(Xh'): ; .
0, if h=h.

Consider now the sets X, = X, \ (X m(hgjhxh,)), heN. It is obvious that these sets are S -
measurable disjoint sets and x4, (X;) =1, Yhe N. Let us define the mapping & : (E,S) — (H,B(H)) in
the following way §(X;) =1, Vie N. Thenwe have {x:8(x) =i} = X; and 1 ({x:6(X)=i}) =1, vieN.
Hence, & isaconsistent criterion for hypothesis testing. Further, it follows from the existence of consistent
estimators of parameters that this structure is strongly separable, and orthogonality follows from strong
separability.

The following theorem is proved in a similar way.

Theorem 2. In (ZF) theory, the Haar statistical structure {E, S, z4,,h € N} admits a consistent criteria for

hypothesis testing if and only if when it is either strongly separable, or separable, or weakly separable, or

orthogonal.
Let {u,,heH} be probability measures defined on the measurable space (E,S). For each heH

denote by i, the completion of the measure ,, and denote by dom(z;,) the o -algebra of all i, -
measurable subsets of E . Let
S =Men dom(zy, ).

Definition 10. The Haar statistical structure {E, S, z,,h € N} is called strongly separable if there exists
the family of S; -measurable sets {Z;,,h € H} such that the relations are fulfilled:

1) pn(Zy) =1, VheH;
2) Zr.h f\zh2 :Q, Vhlihz, hl,hzeH,
3) uz,=E
heH

Definition 11. We will say that the orthogonal Haar statistical structure {E,S,,z,,heH} admits a

consistent criterion for hypothesis testing if there exists at least one measurable mapping
5:(E,$;) > (H,B(H)), such that

I ({x:56(x)=h) =1 VheH.

Definition 12.  We will say that the orthogonal Haar statistical structure {E,S;,z;,i €1} admits a

consistent estimators of parameters ie | if there exists at least one measurable mapping
6 :(E,S;)) — (1,B(l)), such that

E{x:5(x) =) =1 Viel.
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Theorem 3. In order that the orthogonal Haar statistical structure{E, S;, z,,heH}, cardH =c, to be a
consistent criterion for hypotheses testing in the theory of (ZFC) & (CH) it is necessary and sufficient that

this statistical structure be strongly separable (definition 10).

Proof. Necessity. The existence of a consistent criterion for hypotheses testing 6 : (E,S;) = (H,B(H))
implies that 2, ({X:5(x) =h}) =1, YheH. Setting X, ={x:8(X)=h} for he H we get:

1) m(Xy) =1 vheH;
2) X NX.=@, vh =h; h h eH;
3) U X, =E.
heH
Hence, the statistical structure {E, Sy, 1,,h € H} is strongly separable.
Sufficiency. Since Haar statistical structure{E,S;, zz,,h € H}, cardH =c, is strongly separable, there

exists a family {Z;,,h € H} of elements of the o -algebra S; =,y dom(z,) such that:
1) pn(Zy) =1, VheH;

3) uz,=E
heH

For x € E, we put 6(x) =h, where h is the unique hypothesis from the set H for which x € Z;,. The

existence and uniqueness of such a hypothesis h from H can be proved using conditions 2), 3).
Take now Y € B(H), then {X:5(X) e Y}=Uj oy Z,,- We must show that {x:5(x) Y} e dom(z,) for

eachheH .
If hy €Y, then

{xio(x) eY}=Upy Zy = ZhO o (UheY\{hO}Zh)'

On the one hand, from the conditions 1), 2), 3) it follows that
Zy, €Sy = Ny dom(py) < dom(ay, ). $

On the other hand, the inclusion
UheY\{hO}Zh c(EN\ Zho)
implies that
ﬁ_lho (UheY\{hO}Zh) =0
and hence,

Uhev ghpy Zn € dom (g, ).

Since dom(uy, ) isa o -algebra, we conclude that

{x:6(x) eY}=Zp W (Iney 3 Zn) € dom(zy ).
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If hy Y, then {x:5(x) eY}=uUy Z, < (E\ Zy,) and we obtainthat 1, {x:5(x) € Y}=0. The last

relation implies that
{x:6(x) e Y}edom(py ), VY e B(H).
Thus, we proved the validity of the relation
{x:6(x) e Y} e dom(zy,)
for any arbitrary hy € H. Hence,
{x:6(x)eY}e N dom(m,)=S;.
heH

Therefore, the mapping J: (E, S;) > (H,B(H)) is a measurable mapping.
Since B(H) contains all finite subsets of H , we ascertain that

Hn({x:6(X) =h}) = 1, (Zy) =1, VheH,

i. e. this statistical structure admits a consistent criterion for hypotheses testing.
The following theorem is proved similarly.

Theorem 4. In order that the orthogonal Haar statistical structure{E, S;, z,,h € H}, cardH =c¢, to admit
a consistent estimators of parameters in the theory of (ZFC) & (CH) it is necessary and sufficient that this

statistical structure be strongly separable (definition 10).
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355600 LGOGHOLBH03MO LEAMWYJEHMMIOOL 356539EMYOIOL
doe 99490 9985190900 s 303MmmYBgdoL 99dmfjdgdols
3o 0o 3M0GIMH0wY3gd0

B. B96053009", 3. LEoMJ300", . s¢m9Jlodg”, . gEOsGO”

* 8060 bobgerdfogm bsbfsgerem #1bo396bodgd0, 35650¢980b, Dl s bsbwybgdobdgdyz9emem
0966096985005 R3379CAIA0: 30260, bsgstrorzgerm

(§omBmag600s 93509300L §936G0L 9. B0l o)

89000b3930000 3OHMEgLgdOL BLEAGOLEHNIS F3dmMmoyggbgds 3gEboghgdols s Ggdbmermyogdols bbgs-
b3y sMdo. dgdmbgggomo 3MmEglgdol Mgscmmmo dmgwrgbgdol dmogugdse gsdmygby-
d0oLsl Fo6m0mogddbgds bsgombo 3MmEgligdol semdsmwMo Tsbolinsmgdwrgdol gsblisBrg@mols dglss-
bgd. 1sgs@sm©m FsballsMYdEgdOL EsLsEYgbs Mbos 0gbgl §sdmygbgdmemo LEsEHOLGH0IMMO
3900m0. LHGOLEOZOL 3HMBdENYIGOL TmMHOL GOl 3MGMdNYIsms JEslo, HMIdToE ©IZ0M-
3000L GsmEabmds 9HMEINM0S. B0vIbgEIZ9® 33003900l JMHmSEIMMMdOLS, bdo dgdmbgy-
3580 9gbsdangdgeos bsodgEmE sbolsBMaM@ML MEbmdo gsbsfoegdols 3s@sdgdmgdol 360dgby-
@md700 36 LyodgEME BgoMBIYL 90 303mmYbs 3bsfioergdol BliGo BmGdol dglisbgd 3mb3wm-
696¢ 303mmgboms MBLGMEM HomEgbmdoEsb. 0d dgdmbggzsdo, HGmEILyE 35MagEMo 6
303mmyBgdo LsodgEmE 3560LsDMZMIs gMmo ©330MZgd0m, 35806 53dMdYE, HMA SGLYdMBY
350599GMoL dserEgdmmo Tgxsligds. Homdmoggbowr 6586HMAdo gsbgLEBMaMZm 3ssMol LEs-
HoLGHOZMO LEHGMIGHMON. FcEJFMEos sMEOMYdIo S B1TMOLO 306HMDdJOO HmMIMOF 356~
39GOgd0L dsergdmmo dgdgsligdangdol sMlYdMBdOLmZOL, g3y 30dmmybgdol GgbGoMgdol
950700 Mo MHomIolmzol.

Bull. Georg. Natl. Acad. Sci., vol. 17, no. 4, 2023



14 Zurab Zerakidze, Gimzer Saatashvili, Lela Aleksidze...

REFERENCES

1. lbram. Jech T. (2003) Set Theory, Springer-Verlag, Berlin.

2. Khalilov I. and Skorokhod A. (1980) Sostoiatel’nye otsenki parametrov sluchainykh protsessov, "Naukova
Dumka", Kiev (in Russian).

3. Kharazishvili A. (1984) Topologicheskie aspekty teorii meri, "Naukova Dumka", Kiev (in Russian).

4. Kharazishvili A. (2004) Nonmeasurable sets and functions, North-Holland Mathematics Studies, Elsevier,
Amsterdam.

5. Pantsulaia G. (2007) Invariant and quasi-invariant measures in infinite-dimensional topological vector spaces,
Nova Sci. Publ. Inc., New York.

6. Zerakidze Z. (2008) Generalization criteria of Neyman-Pearson, Georgian Technical University, Proceedings of
the International Scientific Conference "Information Technologies”, Thilisi, 22-24.

7. Zerakidze Z. and Purtukhia O. (2017) The weakly consistent, strongly consistent and consistent estimates of the
parameters, Reports of Enlarged Sessions of the 1. Vekua Institute of Applied Mathematics, 31: 151-154.

8. Borovkov A. A. (1998) Mathematical statistics. Estimation of parameters. Testing of hypotheses, "Nauka",
Moscow, 1984; English transl., Mathematical statistics, Gordon & Breach, Amsterdam.

9. Zerakidze Z. (1986) Hilbert space of measures, Ukrainian Mathematical Journal, 38, 2: 147-153.

10. Purtukhia O. and Zerakidze Z. (2021) The consistent criteria for hypotheses testing, Georgian Mathematical
Journal, 28, 5: 787-791.

11. Purtukhia O. and Zerakidze Z. (2019) Consistent criteria for hypotheses testing, Ukrainian Mathematical
Journal, 71: 554-571.

12. Zerakidze Z. (1984) O slabo delimikh i delimikh semeistvakh veroiatnostnykh mer. Bull. Acad. Sci. Georg. SSR,

113, 2: 273-275 (in Russian).

Received October, 2023

Bull. Georg. Natl. Acad. Sci., vol. 17, no. 4, 2023



	OLE_LINK1
	OLE_LINK2
	OLE_LINK3

